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In [1], the p rob lem concerning the control  of the level  of groundwater daring i r r igat ion is considered.  It 
is solved on the assumption that the surface  of the ground flow is weakly curved,  the watert ight  layer  is weakly 
permeable ,  is level ,  and has a constant thickness M0, and that the grotmdwaters occupy the region between two 
para l le l  channels or drains.  

It will be interes t ing to solve the s imi la r  problem in the two-dimensional  region between four channels 
forming the rec tangle  0 _<x _< l, 0 _<y ~ L. This solution is obtained in this paper in explicit  fo rm.  In this case,  
the following method of control l ing the level  of groundwater can be r ep re sen t ed  as follows: i r r igat ion,  p ro-  
ducible with intensity m e / 0 ,  ceases  where the level  of the groundwater,  measured  at a fixed point 0 _<x~ < l ,  
0 _< y0 < L of the region between the channels,  r eaches  a quantity h . ,  and begins again when h(x ~ t) becomes  
equal to h . .  < h .  (0 < 0 < 1). This p rob lem reduces  to solving the equation 

Oh a~ [ a2h O2h ~ 0--7" = \~-~x~ ~- ~y2] -- b (h --  H) ~- F [h (x ~ y0, t)l, (1.1) 

where  

[ c for h(x ~  
F [h (x  ~176  [__d for h(x ~ y~ t) :>h** 

(1.2) 

(the notation is the same as in [1]; 0 is the ra t io  of the intensit ies of f i l t ra t ion and wetting), with a cer ta in  
initial condition and boundary conditions (Fig. 1) 

We put 

h(x, O, t) = h(x, L, t) = Hx ~- (H2 - -  H~). x/l, 

h(O, y, t) = H~, h(l, y, t) = H,. 

h(x, y, t) : H 1 -~ (H2 - -  H1).x/I -~u(x ,  y, t). 

For  ~(x, y, t), we obtain the equation 

0u0_..~ =a'[02"~x2 +~y2)'bO~ [ H 1 - - H  + ( H 2 - - H 1 ) + ] - - b u +  F( 'u ) ,  

where  F(u) is given by formulas  (1.2) and (1.4) with the conditions 

~u(x, O, t) = ~(x,  L, t) :"u(O, y, t) ~ u ( l  y, t) = O. 

It can be seen that Eq. (1.5) with conditions (1.6) has stable s ta t ionary  solutions 

~Iz) [sh~,h (y--  L) + sh~,ky + shZ~i] " ~x  Sln ---~-, 

(1.3) 

(1.4) 

(1.5) 

(1.6) 
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~k ~ b �9 2 {[-- (-- i) h -~ I] [ci -- b (Hx -- H)] ~-, b (~, -- Hx) (--i) h} ~ = -~- + ~ ,  ~ i  ~ = = ~  , 

C 1 ~ C ~  C , ~ - -  d.  

(1.7) 

The  pe r iod i c  so lu t ion  of  Eq. (1.5) with the  condi t ions  (1.6) ha.q the  f o r m  

m = i  k = i  

~kx . s i n ~  ( T I ~ t ~ < T ) ,  "u~(x, y, t) = w ( x ,  y)--~ ~ ~ Dh,,~exp[--L~.m(t-- Ti)] sin T 
m=l k=l 

w h e r e  we in t roduce  the  no ta t ion  

(1.8) 

C~,m -- Ok'rn (t --  ?k,m). Ok, ~ (t -- ~h,,n) (1.9) 
= " i - -6h,  m , Da,m= i ~ 6h, m ' 

~ 2 k2 rn~ b; 

:a2m ~ ~m I" 

Here  T is the  pe r iod  of  s e r f -o sc i l l a t i on ;  T 1 is the  dura t ion  of  the  wet t ing  s tage .  The  cons tan t s  T 1 and T 2 = T  - 
T 1 a r e  defined as  the  s m . I l e s t  r o o t s  of  the  s y s t e m  of two equat ions  

~'(x o, yO, r l  ) = u.,  u2(x ~ yO, T) = u**. {1.10) 

I n v i e w  of  Eq. (1.8), Eq. {1.10) r e d u c e s  to the f o r m  

s s C k . m ~ h , m s i n - ~ . s i n - ~  ~- = U . ,  {1.11) 
h=t  m = t  

�9 gkx o , gray o 
s s Dh .m,k . rnS ln ' - - i ' - . S ln~:U** .  

Here ,  fo r  b rev i ty ,  we in t roduce  the  no ta t ion  

U.  = u ,  - -  v(x ~ y0), U** = u** - -  w(x ~ y0). (1.12) 

Using Eqs.  (1.12) and (1.9), we  r e w r i t e  f o r m u l a  {1.11) in the  fol lowing f o r m :  

"~(rl, T~) = U,,  ~(T1, r~) = U**. 

T2) = - -  ~.~ .~  - -  ' s m - -  F- sm ---Z--' 
h= t  m = t  i ~ ~k,m 

Here  we denote  

{1.13) 

A .  1 - - 6 h ,  m sin. " - 7 -  " s i n "  L " 
h=l  m = i  

Expanding the  double s e r i e s  8 = ~ a~ ) in the f o r m  of  an infinite r e c t a n g u l a r  ma t r i x ,  we then r e p r e s e n t  
m . k ~ i  

its t e r m s  in the  f o r m  of  a s i m p l e  sequence  as  f a r  as  the s q u a r e s :  

S = ~ ap, whereby a~ ) - -  up. 
p = l  

Here  P = ( k - 1 ) ~ + m  when m < k  and p = m ~ + l - k  when m >  k. We r e p r e s e n t  the double s e r i e s  in f o r m u l a s  
(1.13) in the f o r m  of r e g u l a r  s e r i e s  

~(r l ,  r,) = ~ a .  ( r .  r,~), ~(r~, r~) = Z bp (T.  T,), 
p=i p=t 
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where  

-- 0k m~h m (t--  ~?~.,~) sin akz~ " umY~ 
�9 ' -T-"  s i n  L " ap i - -  ~h.m 

bp = 0h'r~Vh"nt -- (aSh,m-- ~h,m) sin n~ x---~~ sin .nmY~ 

In fo rmulas  (1.13) we put T=vTI(v_> 1), we obtain "~(0, 0) ---- [(v --  t)/v]0(x ~ y~ 0) = (1/~) 0(x~176 
(0 (x 0, y0) =v(x, y ) - w ( x ,  y)). Graphs  of t h e d e p e n d e n c e s  

Y := ~a~/(c ~- d)l 2 < O, Z = ~a~/(c ~- d)l 2 > 0 

on T ' l=a2T l / i  ~ a re  shown in Fig.  2, where  curves  1-3 co r r e spond  to the values  y =4/3 ,  ~ =2, and v =4, r e -  
spect ively .  The sol id  curves  co r re spond  to the value b' =0,  and the dashed curves  co r respond  to b' =1 /60  (b' = 
bl ~/a ~. It is c l ea r  f r o m  the f o r m  of these  cu rves  that  to a pair  of values  of (~ and ~,  such that  - 0 (x ~ y0)< 

< 0, 0 < ~" < 0 (x ~ y0), and ~ - ~  < 0 (x ~ y0), t he re  co r responds  in an unambiguous way a pair  of values  T~> 0 and 
v (or values  T 1 > 0 and T2 >0).  Consequent ly ,  to each pair  of values  u ,  and u .  , ,  such  that  w(x ~ y0)< u . ,  < u .  < 
v(x 0, y0), t he re  co r r e sponds  a s ingle  pair  of values T 1 > 0 and Tg. > O. 

w We shal l  cons ide r  the solut ion of the init ial  value p rob lem (1.1) and (1.2) with the  condit ions (L3) and 
the s t a r t ing  condit ion 

h(x, y, O)= ~(x, Y)I (2.1) 

or  (which is the same) ,  the p rob lem (1.5) and (1.2) with the condit ions (1.6) and 

~(x, y, o ) =  r y) (~(x, y) = ~(x, y ) -  H~ - (H~ - H~).zlO. (2.2) 

If the solution of this  p rob lem exis ts ,  then it has a f o r m  s imi l a r  to Eq. (1.8): 

~kz. sin "u~i+i)(x, y, t) = v(x,  y)-r' ~ ~ t-h,rar'(~+') exp[_)~2 ( t _ ,  T ' ( i ) ) ] s i n . T _  
m = i  h=l 

(T "(i)~t ~ T~ (t+t), T'(1)= ~ T 0), T;(I+I)= T "(1) -~- T~ i+1), 
j=0 

i = 0 ,  t, 2, 3 . . . . .  T (~ = 0), 

"u(2 ~+') (x, g, t) = w (x, y) • 5 ~,~-~ ~ --k,ran('+') exp [--  )~2ra (t -- r;(~+~))] sin - T "  sm Z 
m=l h=i 

(T; (~+') ~ t < r'(~+~)). 

Here C(kl)mare the coeff ic ients  of the Fou r i e r  function r (x, y) - v ( x ,  y): 

(2.3) 

I L  

C(~) 4 = .~ -- sm --K" dsdy; 
0 0 (2.4) 

i + l )  ( ~  ,,~ (i = 0, 1, 2 . . . .  ) and D~ + l ) ( i=  0, 1, 2, . . . )  a re  the coeff ic ients  of the F o u r i e r  funct ions ~*1 (i+l) (x, y,  T '  (i))_ 

�9 v(x,-~) a n d ~  2 (i + 1) (x, y ,  T i  ( i ~  ~))~'-w (x, y),  r e spec t ive ly ;  T 1 (i + l ) - andT  (i + 1) a re  sma l l e s t  roo ts  of the 

i+" (z0, yo, u., (x0, y0, _(2_5) 

F o r m u l a s  (2.3)-(2.5) a r e  val id for  the case  r (x 0, y0)< u , .  

!h 

Fig. 1 
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Fig. 2 

It is shown in [2] that the problem,  s imi la r  to Eqs. (1.1)-(1.3) and (2.1), for  the case  when the groundwater 
occupies  the region between two para l le l  channels or  dra ins ,  is cha rac t e r i zed  by four cases .  It can be shown 
that the prob lem (1.1)-(1.3), (2.1) also is cha rac t e r i zed  by four cases :  

u** < w(x o, yO) < v(x o, yO) < u.;  

w(z ~ f )  < u** < v(z o, yo) < u.; 
u** < w(x o, y0) < u, < v(z0, y0); 

w (z ~ yO) < u** < u, < v (x ~ yO). 

In accordance  with the r e su l t s  obtained in [2], in the f i r s t  th ree  cases  the re  is a value of s such that 

T~ ~+1) ~ ~o or  TO+ ~) --~ co .  The cor responding  formulas  (2.5) (first  or  second) for  i +1 =s in this case  a re  in- 

valid. For  the fourth case ,  fo rmulas  (2.3)-(2.5) a re  valid for  any values of i and give an osci l lat ing solution. 
Similar formulas  a re  valid also for  the case  r (x ~ y0)> u . .  Thus,  in the fourth case ,  an optimum reg ime  of i r -  
r igat ion is obtained: owing to the fluctuations of the groundwater level  between values less than Vc(X , y) and 
g rea t e r  than Wc(X , y ) ,  where ,  in accordance  with Eqs. (1.4}, (1.7), and (1.8), we denote 

w~(z; y) = H~ + (H~ - -  1tl) .zll  + w(x, y); v~(x, y) = H~ + (H~ - -  HO.xl~ + v(x, y), 

an excess ive  r i s e  of the groundwater level  should be avoided and, consequently,  salinization and an excess ive  
lowering of this level ,  i .e. ,  depletion of the wa te r -bea r ing  s t ra tum.  For  this,  it is sufficient to choose h ,  and 
h , ,  so that the four th  case  is valid: 

w~(xo, yO) < h** < h, < vo(r yO). 

Let us dwell in more  detail  on the four th  case ,  and let us show that with an unlimited increase  of t ime the 
solution of Eq. (2.3) of the prob lem tends to the per iodic  solution of Eqs. (1.8) and (1.9). 

It is c l ea r  that the equations 

y, " + ' )  = y,  

~ ' + ' )  (z, y, r "(~+')) = "ul i+2) (x, y, r'('+')) (2.6) 

must  be sat isf ied.  Introducing the notation 

= 0xp ( -  = ( r "  §  - 

, . ,(i  +2) n,(i  +:0 we rewr i t e  conditions (2.6) in o rde r  to find the constants '~k, m and ~K, m in the following way: 

D ( ~ + I )  ~ ( i + i )  r247 
~,m ~ Pk,m ~ , m  "-I- 0k ,m ,  

C~+2) .ci+i)D~+~) 0~ m (0h,rn wk,~). (2.7) ~,m ~ ~' k,m A , m - -  , ~ 1 2 h , m - -  

E~uations (2.7) have the same f o r m  as the analogous equations obtained in [1]; t he re fo re ,  for  the coeff icients  
Cl~t,+r~ and I ~  i, +m ~) s imi la r  r e c u r r e n t  formulas  a re  valid, taking account of which Eq. (2.5) assumes  the f o r m  

2 3 4  



oo 

~?+') = ~ i ~  2] A ,  ((~i++~)),+~[j - -  (vi+)),~ + ( v l % ? ) ) ~  + . . .  _ 
p = 3  

/ ( i )p . ( i ) .  ( i - - l ) f i ( i - - l )  (l)'V, pl•  gp 

+ - . -  + (P?)v? - , )  . . .  v?))"~]} + ~-~ [ ~ ? + '  - (~?+~))""] ~v~"(+)"(')'~,, ~,"-" . . .  v?)~?)) ", -c~ ~), 

v?+,> = vlo) + v~ B ,  { ( v ? + ' ) ~ [ t  - -  (~i++'>) ", + (~I++"?79",~ + 

+ . . .  + ( ~ ? + ' ) v T ) . . .  v?))"p] + vl + ~') (~?+'))"~ [ i  - -  (vi+))~o + 

(2.8) 

~_ (vT)~?)),. + _(~1%?)r  v?)).~lt + :.~ iv?+, . (++1)~.o~.(++~) (+) ~i.))..~u) . . . . . .  ~ --kYi ) ~ l ~ t ' :  yi . . . .  p �9 
p = 2  

Here  we denote  

A ~. u** - -  w (x ~ y0) __ 0a t sin "7- 

g x e  
B == u ,  --  v (x ~ y0) _~ 01,1 sin --T sin , 

[37 = [u, - -  v (x ~ y~ ~/[o) = [u** - -  w (x ~ y~  

. .kx, .  ~ / A ,  Ah,m = O k , m  S l n  - - ~  s i n  

" " " "+tkx~ " g m Y ~  
B h , m =  - - O h , m s I n ~ - - s I n  L / ~ '  

�9 n k x  o . ~ m y  ~ E(i) _ .~(1) sin ---y- sin k , m -  {-~h,m L 

"~(l) (l) 1,,m = Eh., . /A,  Ca,m-= E(kt,)~/B, 

[~(p++t) a(i+l) . (i ~l) .(i+i} 
P h , m  , "Yp ~ y h , m  , Ap --  Ah,m, 

"~(t) "~(1) S p =  Uk m, ~(l) "C"~h!)~ (p 1, 2 .), 

h , m  == [ [a i , l  ] ' '  ~ y h , m  

~k,.~= k,,. (k,m = t , 2 . . . ) ,  lXp = ~th,.~ (p = 1 , 2 . . . ) .  

F o r  this ,  it is a s s u m e d  that  A ~ 0 and B ~ 0. 

Equat ions  (2.8) co inc ide  with Eqs.  (3.1) and (3.2) of  [1] f o r  the  plane case .  Because  of th is ,  al l  f u r t h e r  
r e a s o n i n g  given in [1] c o n c e r n i n g  e s t i m a t e s  of the  quant i t ies  f imin,  7 m i n ,  7 m a x ,  and t imex,  which can be  found 
by  the method  of  s u c c e s s i v e  app rox ima t ions ,  and c o n c e r n i n g  the  e s t i m a t e s  of the a v e r a g e  values  of  the a r b i t r a r y  
funct ions  en te r ing  into the  r i g h t - h a n d  s ide  of Eq. (2.8), r e m a i n s . v a l i d .  In this  c a s e ,  in the f i r s t  of  f o r m u l a s  

(3.4) of [1], q = ( f l m a x T m a x )  p3, i r i s  n e c e s s a r y  to put p3=min (~ t ,  3, P3, 0 .  

.. I n  a s i m i l a r  way,  the  r e s u l t  a l so  is obtained c o n c e r n i n g  the t r e n d  as  i--* ~o of the quant i t ies  fl~i +l) ancl 
7~ t+i~ to the  l imi t s  fll  and 71, w h e r e  fll  and 71 a r e  the  quant i t ies  c o n s i d e r e d  above - f l l = e x p ( -  X~, iT0  andT1 = 
e x p [ - X  2, I ( T -  Tt) ] - fo r  the pe r iod i c  solut ion of Eqs.  (1.8) and (1.9). 

The  c a s e s  when one of the  two equat ions  A =0 and B = 0 ,  o r  both  at once ,  is  sa t i s f ied  a r e  cons ide red  
s i m i l a r l y .  

1 ~  
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